In the previous article [5] supergraphs and several specializations to formalize the process of drawing graphs were introduced. In this paper another such operation is formalized in Mizar [1], [2]: drawing a vertex and then immediately drawing edges connecting this vertex with a subset of the other vertices of the graph. In case the new vertex is joined with all vertices of a given graph G, this is known as the join of G and the trivial loopless graph K1. While the join of two graphs is known and found in standard literature (like [9], [4] , [8] and [3] ), the operation discribed in this article is not.
Reversing Edge Directions
From now on G, G 2 denote graphs, V , E denote sets, and v denotes an object. Let us consider G and E. A graph given by reversing directions of the edges E of G is a graph defined by (Def. 1) (i) the vertices of it = the vertices of G and the edges of it = the edges of G and the source of it = (the source of G)+·(the target of G) E and the target of it = (the target of G)+·(the source of G) E, if E ⊆ the edges of G,
(ii) it ≈ G, otherwise. A graph given by reversing directions of the edges of G is a graph given by reversing directions of the edges of G of G. Now we state the propositions:
(1) Let us consider graphs G 1 , G 2 given by reversing directions of the edges E of G. Then G 1 ≈ G 2 . (2) Let us consider a graph G 1 given by reversing directions of the edges E of G. Suppose G 1 ≈ G 2 . Then G 2 is a graph given by reversing directions of the edges E of G. Let us consider G 2 , E, and a graph G 1 given by reversing directions of the edges E of G 2 . Now we state the propositions: (3) G 2 is a graph given by reversing directions of the edges E of G 1 .
(i) the vertices of G 1 = the vertices of G 2 , and (ii) the edges of G 1 = the edges of G 2 . (5) Let us consider a graph G 1 given by reversing directions of the edges of G 2 . Then G 2 is a graph given by reversing directions of the edges of G 1 .
The theorem is a consequence of (4) and (3). (6) Let us consider a trivial graph G 2 , a set E, and a graph G 1 . Then G 1 ≈ G 2 if and only if G 1 is a graph given by reversing directions of the edges E of G 2 . Let us consider G 2 , E, a graph G 1 given by reversing directions of the edges E of G 2 , and objects v 1 , e, v 2 . Now we state the propositions: (7) If E ⊆ the edges of G 2 and e ∈ E, then e joins v 1 to v 2 in G 2 iff e joins v 2 to v 1 in G 1 . The theorem is a consequence of (3) and (4) . (8) If E ⊆ the edges of G 2 and e / ∈ E, then e joins v 1 to v 2 in G 2 iff e joins v 1 to v 2 in G 1 . The theorem is a consequence of (3) and (4) . (9) e joins v 1 and v 2 in G 2 if and only if e joins v 1 and v 2 in G 1 . The theorem is a consequence of (3). (10) Let us consider a graph G 1 given by reversing directions of the edges E of G 2 . Then v is a vertex of G 1 if and only if v is a vertex of G 2 . Let us consider G 2 , E, V , and a graph G 1 given by reversing directions of the edges E of G 2 . Now we state the propositions:
(11) G 1 .edgesBetween(V ) = G 2 .edgesBetween(V ).
Proof:
For every object e, e ∈ G 1 .edgesBetween(V ) iff e ∈ G 2 .edgesBetween(V ).
(12) G 1 .
edgesInOut(V ) = G 2 .edgesInOut(V ).
Proof: For every object e, e ∈ G 1 .edgesInOut(V ) iff e ∈ G 2 .edgesInOut(V ).
(13) Let us consider a graph G 1 given by reversing directions of the edges E of G 2 , a vertex v 1 of G 1 , and a vertex v 2 of G 2 . If
The theorem is a consequence of (12).
Let us consider G 2 , E, and a graph G 1 given by reversing directions of the edges E of G 2 . Now we state the propositions: (14) Every walk of G 2 is a walk of G 1 . The theorem is a consequence of (4) and (9) .
(15) Every walk of G 1 is a walk of G 2 . The theorem is a consequence of (3) and (14). 
The theorem is a consequence of (19).
(21) Let us consider a graph G 1 given by reversing directions of the edges E of G 2 . Then
numComponents().
The theorem is a consequence of (10) and (20).
Let G be a trivial graph and E be a set. Observe that every graph given by reversing directions of the edges E of G is trivial.
Let G be a non trivial graph. Let us observe that every graph given by reversing directions of the edges E of G is non trivial. 
The theorem is a consequence of (3).
Let us consider G 2 , E, and a graph G 1 given by reversing directions of the edges E of G 2 . Now we state the propositions:
size().
The theorem is a consequence of (4). Let G be a non-directed-multi graph. Let us note that every graph given by reversing directions of the edges of G is non-directed-multi.
Let G be a non non-directed-multi graph. Observe that every graph given by reversing directions of the edges of G is non non-directed-multi.
Let G be a non-multi graph and E be a set. One can verify that every graph given by reversing directions of the edges E of G is non-multi.
Let G be a non non-multi graph. Let us note that every graph given by reversing directions of the edges E of G is non non-multi.
Let G be a loopless graph. One can check that every graph given by reversing directions of the edges E of G is loopless.
Let G be a non loopless graph. One can check that every graph given by reversing directions of the edges E of G is non loopless.
Let G be a connected graph. Let us observe that every graph given by reversing directions of the edges E of G is connected.
Let G be a non connected graph. Observe that every graph given by reversing directions of the edges E of G is non connected.
Let G be an acyclic graph. Note that every graph given by reversing directions of the edges E of G is acyclic.
Let G be a non acyclic graph. One can verify that every graph given by reversing directions of the edges E of G is non acyclic.
Let G be a complete graph. Observe that every graph given by reversing directions of the edges E of G is complete.
Let G be a non complete graph. Observe that every graph given by reversing directions of the edges E of G is non complete.
Let G be a chordal graph. Note that every graph given by reversing directions of the edges E of G is chordal.
Let G be a finite graph. Let us note that every graph given by reversing directions of the edges E of G is finite.
Let G be a non finite graph. One can verify that every graph given by reversing directions of the edges E of G is non finite. Now we state the propositions: (26) Let us consider a graph G 1 given by reversing directions of the edges of G 2 . Then (i) the source of G 1 = the target of G 2 , and
(ii) the target of G 1 = the source of G 2 .
(27) Let us consider a graph G 1 given by reversing directions of the edges of G 2 , and objects v 1 , e, v 2 . Then e joins v 1 to v 2 in G 2 if and only if e joins v 2 to v 1 in G 1 . The theorem is a consequence of (26). 
Adding a Vertex and Several Edges to a Graph
A supergraph of G extended by vertex v and edges from v to the vertices of G is a supergraph of G extended by vertex v and edges from v to the vertices of G of G.
A supergraph of G extended by vertex v and edges from the vertices of G to v is a supergraph of G extended by vertex v and edges from the vertices of G of G to v. Now we state the propositions:
(29) Let us consider supergraphs
(30) Let us consider a supergraph G 1 of G extended by vertex v and edges (ii) G 1 is a graph given by reversing directions of the edges
The theorem is a consequence of (33) Proof:
∈ the edges of G 2 and e 2 / ∈ the edges of G 2 . Consider x 1 , y 1 being objects such that x 1 ∈ V and y 1 ∈ {the edges of G 2 } and e 1 = x 1 , y 1 . Consider x 2 , y 2 being objects such that x 2 ∈ V and y 2 ∈ {the edges of G 2 } and e 2 = x 2 , y 2 . (39) Let us consider a supergraph G 1 of G 2 extended by vertex v and edges from V of G 2 to v. Suppose V ⊆ the vertices of G 2 and v / ∈ the vertices of G 2 . Let us consider objects e 1 , u. Then (i) e 1 does not join v to u in G 1 , and Proof:
∈ the edges of G 2 and e 2 / ∈ the edges of G 2 . Consider x 1 , y 1 being objects such that x 1 ∈ V and y 1 ∈ {the edges of G 2 } and e 1 = x 1 , y 1 
Proof: e ∈ the edges of G 2 . (44) Every walk of G 1 is a walk of G 2 . The theorem is a consequence of (35) and (14).
(45) Every walk of G 2 is a walk of G 1 . The theorem is a consequence of (35) and (14).
Let us consider G, v, and V . A supergraph of G extended by vertex v and edges between v and V of G is a supergraph of G defined by (Def. 4) (i) the vertices of it = (the vertices of G) ∪ {v} and for every object e, e does not join v and v in it and for every object v 1 , if v 1 / ∈ V , then e does not join v 1 and v in it and for every object v 2 such that v 1 = v and v 2 = v and e joins v 1 to v 2 in it holds e joins v 1 to v 2 in G and there exists a set E such that V = E and E misses the edges of G and the edges of it = (the edges of G) ∪ E and for every object v 1 such that v 1 ∈ V there exists an object e 1 such that e 1 
Note that a supergraph of G extended by vertex v and edges from V of G to v is a supergraph of G extended by vertex v and edges between v and V of G. Now we state the propositions: (52) Let us consider a supergraph G 1 of G 2 extended by vertex v and edges between v and V of G 2 , and a set E. Suppose V ⊆ the vertices of G 2 and v / ∈ the vertices of G 2 and the edges of G 1 = (the edges of G 2 ) ∪ E and E misses the edges of G 2 . Then there exist functions f , g from E into V ∪ {v} such that (i) the source of G 1 = (the source of G 2 )+·f , and (ii) the target of G 1 = (the target of G 2 )+·g, and (iii) for every object e such that e ∈ E holds e joins f (e) to g(e) in G 1 and (f (e) = v iff g(e) = v).
Proof: Consider E 1 being a set such that V = E Consider g being a function from E into V ∪ {v} such that for every object e such that e ∈ E holds Q[e, g(e)]. For every object e such that e ∈ dom(the source of G 1 ) holds (the source of G 1 )(e) = ((the source of G 2 )+·f )(e). For every object e such that e ∈ dom(the target of G 1 ) holds (the target of G 1 )(e) = ((the target of G 2 )+·g)(e). (ii) for every object w such that w ∈ W holds f (w) joins w and v in G 1 .
Proof: Consider E being a set such that V = E and E misses the edges of G 2 and the edges of G 1 = (the edges of G 2 ) ∪ E and for every object v 1 such that v 1 ∈ V there exists an object e 1 such that e 1 ∈ E and e 1 joins v 1 and v in G 1 and for every object e 2 such that e 2 joins v 1 and v in G 1 holds e 1 = e 2 . Define P[object, object] ≡ $ 2 joins $ 1 and v in G 1 . For every object w such that w ∈ W there exists an object e such that e ∈ G 1 .edgesBetween(W, {v}) and P [w, e] .
Consider f being a function from W into G 1 .edgesBetween(W, {v}) such that for every object w such that w ∈ W holds P[w, f (w)]. For every objects w 1 , w 2 such that w 1 , w 2 ∈ W and f (w 1 ) = f (w 2 ) holds w 1 = w 2 . For every object e such that e ∈ G 1 .edgesBetween(W, {v}) holds e ∈ rng f .
(58) Let us consider a supergraph G 1 of G 2 extended by vertex v and edges between v and V of G 2 . Suppose V ⊆ the vertices of G 2 and v / ∈ the vertices of G 2 and E misses the edges of G 2 and the edges of G 1 = (the edges of
edgesBetween(V, {v}).
Proof: Consider E 1 being a set such that V = E 1 and E 1 misses the edges of G 2 and the edges of G 1 = (the edges of G 2 )∪E 1 and for every object v 1 such that v 1 ∈ V there exists an object e 1 such that e 1 ∈ E 1 and e 1 joins v 1 and v in G 1 and for every object e 2 such that e 2 joins v 1 and v in G 1 holds e 1 = e 2 . For every object e, e ∈ E iff e ∈ G 1 .edgesBetween(V, {v}). 
Proof: G 1 .edgesBetween(V, {v}) ∩ (the edges of G 2 ) = ∅. For every object e such that e ∈ the edges of G 1 holds e ∈ (the edges of
(60) Let us consider a graph G 3 , an object v, sets V 1 , V 2 , a supergraph G 1 of G 3 extended by vertex v and edges between v and V 1 ∪V 2 of G 3 , and a subgraph
For every object e such that e ∈ the edges of G 3 holds e ∈ (the edges of Proof: Consider E being a set such that V = E and E misses the edges of G 3 and the edges of G 2 = (the edges of G 3 ) ∪ E and for every object v 1 such that v 1 ∈ V there exists an object e 1 such that e 1 ∈ E and e 1 joins v 1 and v in G 2 and for every object e 2 such that e 2 joins v 1 and v in G 2 holds e 1 = e 2 . Consider f being a function such that f is one-to-one and dom f = E and rng f = V . Set where α is the edges of G. The theorem is a consequence of (67), (47), and (51). Let G be a loopless graph. Let us consider v and V . Observe that every supergraph of G extended by vertex v and edges between v and V of G is loopless.
Let G be a non-directed-multi graph. Let us note that every supergraph of G extended by vertex v and edges between v and V of G is non-directed-multi.
Let G be a non-multi graph. Note that every supergraph of G extended by vertex v and edges between v and V of G is non-multi.
Let G be a directed-simple graph. One can verify that every supergraph of G extended by vertex v and edges between v and V of G is directed-simple.
Let G be a simple graph. Let us observe that every supergraph of G extended by vertex v and edges between v and V of G is simple. Let G be a finite graph, v be an object, and V be a set. One can verify that every supergraph of G extended by vertex v and edges between v and V of G is finite.
